The problem of the fluctuations of the number n of particles adsorbed on surfaces through a random sequential adsorption process is died. Attention is paid, in particular, to the effect of the size of the adsorbing surfaces upon the variance a2(n) of this number. On the basis of computer simulations, it is shown that o2(n) is not proportional to the area a of the surface but can be written as a sum of three contributions, which are proportional to a, al/2, and a0. A theoretical estimate based on the relation between the radial distribution function g(r) and the fluctuation is presented and provides a basis for these findin. This analysis is of general validity and can, in particular, also be applied to the equilibrium case (in the absence of a phase transition) and to the ballistic deposition process.
Many adsorption (or adhesion) processes of large molecules (or particles) on solid surfaces are irreversible in the sense that, once adsorbed, the molecules neither diffuse on nor desorb from the surface. Moreover, surface exclusion effects play an important role during the adsorption mechanism. The analysis of such irreversible processes has been widely investigated from a theoretical point of view during the last years, and different models have been proposed to describe them. Among them, the most popular are the random sequential adsorption (RSA) model (1) and the ballistic model (2) . Attention has been focused mainly on the prediction of the adsorption kinetics (3, 4) and on the behavior of the systems at or near the "jamming limit" (5) (6) (7) (8) .
On the other hand, only a few experimental studies have been performed to investigate the range of validity of these models (9) (10) (11) (12) (13) . Adsorption kinetics were analyzed in the case of protein solutions (9, 11) , and the radial distribution functions were determined in the case of particle adhesion. The later systems were studied by means of optical microscopy (12, 13) . The most recent experiments have shown that not only does the radial distribution function contain information about the adsorption mechanism but so does the fluctuation of the number of particles in an assembly of small systems, each corresponding to a portion of a larger surface upon which particles were adsorbed (13) . Understanding these fluctuations is thus of great importance to the interpretation of the experiments. Moreover, fluctuations also play an important role in equilibrium statistical mechanics and are thus of considerable interest to delineate the-common features of both situations. Finally, the systems corresponding to the pictures obtained via optical microscopy for the purpose of determining the radial distribution functions were small, in the sense that near the jamming limit, they typically involved 500 particles. Border effects can thus play an important role in the distribution function of such small systems.
Despite the importance of the fluctuations, only two theoretical studies devoted to this problem are known to the authors (13, 14) . In their pioneering work on the RSA model, Cohen and Reiss (14) have determined exactly the fluctuation of the number of adsorbed dimers on lattice systems of any size. This approach seems, however, not generalizable to deposition processes on a plane. More recently, another approach to this problem has been proposed in connection with the experimental results already mentioned (13) . A master equation system was derived whose resolution allowed the precise prediction of fluctuations up to a coverage of 25% (the jamming limit coverage is of the order of 0.55 for RSA and 0.61 for the ballistic model). Unfortunately, this scheme is not easily extended to accurate predictions over the full coverage range.
In this article, we therefore analyze the fluctuation of the number of particles in small systems by means of computer simulation using the RSA model. The problem of the influence of the size of the system on the fluctuation is addressed. In particular, analytical expressions for the variance a2(n) of the number n of adsorbed particles are derived such that o-2(n) can be predicted for a system of any size. We also propose, for the RSA model, an approximate expression for the variance of systems in which edge effects can be neglected (large systems). This expression is based on the connection between the fluctuation and the radial distribution function g(r), a connection used recently for large onedimensional systems for the RSA case (15) .
Simulation Procedure
The simulation model is the usual RSA model describing the deposition of particles on a collector (generally a flat surface or a straight line) (1). This deposition occurs at a randomly selected position subject only to the restriction that the deposited particle does not overlap a previously adsorbed one. If overlapping occurs, the particle is rejected and the deposit of a new one is attempted. Once adsorbed, an object is assumed to be permanently fixed in place. Periodic boundary conditions are applied at the edges ofthe collector. In the particular case of the square collectors studied here, each deposited particle is replicated in the eight neighboring squares. In this way one simulates an infinitely large area, and edge effects are substantially reduced. At the jamming limit-i.e., when no further particle can be added to the surface-the coverage @(oo) is on the average equal to 0.547 for disks (1) . It is also well known that large samples of surfaces are necessary to obtain an accurate estimate of this Abbreviation: RSA, random sequential adsorption. tTo whom reprint requests should be addressed.
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limiting coverage, since K(o) varies from one small surface to another.
Large square surfaces were filled with disks up to a coverage of about 0.5. Coverages ranging from 0.5 to 0(oo) were not investigated due to prohibitive computer time. The center of a disk coincides with the node of a fine-mesh square grid whose periodicity is arbitrarily taken as the unit of length. Throughout this article, all distances are expressed in this arbitrary unit. The large surfaces of area A were subdivided virtually into v smaller square subsystems of area a=A/v. At the border of the subsystems no periodic boundary conditions apply. A particle in the vicinity of the border of a subsystem has thus the same environment as all the other particles of the large system (Fig. 1) . During the filling procedure, the number ni of disk centers located in the ith subsystem was determined as a function of the average coverage 0. The variance or2(n), which is a priori a function of A, v, and 0, is then defined by VxrR2 Y= (V 1) ar2(n). [3] =(v-1l)a are the polynomials drawn in Fig. 4 and given by Eqs. 14, 18, and 19.
clearly apparent that y does indeed behave as 0 as the coverage tends to 0, confirming the prediction of a binomial law at low coverage. More interesting is the variation of y with the surface area a of the subsystems (or, in 4. Finally, the fact that subsystems derived from the same large system could have a common border might be responsible for the observed size dependence. To show that this was not the case, the variance corresponding to the preceding simulations was redetermined using only half of the v = 256 subsystems, the selected ones being located on the large , . i. 1 , (Fig. 3) . The most natural variable is the square root of the "packing fraction"
(a/wrR2)-1/2 rather than a itself, since y equals 0 and is independent of this fraction at low coverage. As 0 increases, however, an evident departure from 0 can be observed, and y carries over into a quadratic function of (a/irR2)-1/2. As the data suggest, and as we make plausible later, y can be written as the sum of three contributions:
[41 Extrapolation to infinitely large surfaces leads to y(a = a) = yo. The functions yo, Yl, and Y2 of 0 (Fig. 4) can be accurately represented by polynomials of the fifth degree fitted by a least-squares method applied to the data of Fig. 3 . However, several fitting parameters can be estimated theoretically, as explained in the following section. Theoretical Considerations the mean density p of the particles adsorbed on the subsystem. Following Landau and Lifchitz (16) , we also have (n2) = (p(rl)p(r2'drdr2, [5] where "sub" refers to the subsystem. (p(rl)p(r2)) = p8(r1 -r2) + p2g(2)(rl, r2), where g(2)(r1, r2) is the pair correlation function (17) , so that Eq. 5 combined with (n) = pa leads to (n2) -(n)2 = pa + p2f f (gl2 (rl, r2) -1)drldr2.
We present a theory for the dependence ofy on the size ofthe subsystem. We denote by p(r) the density of particle centers, (6), [8] which defines the function CO (6) 
. [9] This result provides the basis for the form of the reduced variance y postulated previously (Eq. 4).
For the RSA case, g(2)(r) is known as a diagrammatic expansion in the density p (18) . Out to the first order in the density, it is given by g2(r)= 1 + -pB2(r), for r-d [10] I(2)(r) = 0, lrV3- [14] Eq. 14 is a convenient and accurate means (Fig. 4) [17] Additional terms can be evaluated by numerical integration of more complicated expressions. On the other hand, using a polynomial fitting procedure provides a good approximation of these terms. In this way, yi may be estimated to the fifth order by (Fig. 4) : Y1 = 3.3/2 62 -7.135660' -2.2236404 + 9.7588165. [18] Finally, the best polynomial fit to Y2 leads to (Fig. 4 It may be noted that since y must behave as Oat low coverage, no 6 term was included in Y2. The fitting parameters were otherwise free. Inserting the polynomials from Eqs. 14, 18, and 19 into Eq. 4 leads to an analytical expression for y containing both 6 and a. The solid curves in Fig. 2 demonstrate that the accuracy of this analytical expression of y is remarkable and thus attests the accuracy of the hypothesis that, for a given coverage, y can be approximated by a polynomial of second degree in (a/irR2)-1/2.
Finally, it can also be pointed out that the first terms in yo and Yi are equivalent for all the deposition processes of hard spheres on surfaces and also for equilibrium systems in the Proc. NatL. Acad. Sci. USA 91 (1994) 10033 absence of a phase transition. It thus constitutes a general result that goes far beyond the RSA case.
Conclusions
We have examined the problem of the fluctuation of the number of particles on a small subsystem of a large system generated through an RSA algorithm. Both computer simulation and theoretical estimate indicate that the variance of the number of particles adsorbed on a subsystem is the sum of three contributions: one proportional to the size a of the subsystem, another proportional to al/2, and still another that is constant. This result appears to be applicable not only to the RSA case but for most two-dimensional systems. Contributions to these different terms were estimated, by means of theory, for the RSA case. The theory is well defined and is confirmed by simulation. However, it is questionable under the conditions of phase transition. Expressions obtained by fitting empirical functions to the simulation results are also given so that for the RSA case, the variance for any system can be predicted.
